Desarguesian nets without ovals  by Drake, David A.
Journal of Combinatorial Theory, Series A 114 (2007) 1148–1156
www.elsevier.com/locate/jcta
Note
Desarguesian nets without ovals
David A. Drake
Department of Mathematics, University of Florida, Gainesville, FL 32611, USA
Received 25 May 2006
Available online 18 December 2006
Abstract
Let Π be the Desarguesian affine plane coordinatized by a division ring D with charD = 2. For n = 6
and also for n = 7, we prove that Π holds an n-net without an oval if and only if |D| 9.
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1. Introduction
We write Π(D) to denote the Desarguesian affine plane coordinatized by the division ring D.
We say that Σ is a net held by Π(D) if Σ is the incidence structure defined on the point set
of Π(D) by taking as blocks the lines of a union of parallel classes of lines of Π(D). If the
number of parallel classes is r < ∞, Σ is said to be an r-net. A k-arc in a net is a set of k points,
no three collinear, each pair joined by a line of the net. A k-arc in an r-net is called an oval if
k = r , a hyperoval if k = r + 1. G.J. Simmons [11] was the first person to investigate ovals in
nets held by projective planes. Simmons called such ovals “r-sets sharply focused on a line.”
He used them to construct geometry-based secret sharing schemes. In recent years, Cherowitzo
has actively promoted the investigation of problems related to sharply focused and hyperfocused
arcs, both in joint papers with Holder [2,3] and in a number of conference talks (see, e.g., [1]).
Clearly Π(D) holds a 4-net with oval if and only if |D| = 2. In [5,6], the following theorem
was proved. We write GF(q) or Fq , as convenient, to denote the field of q elements.
Theorem 1.1. (Drake and Keating [6, Theorems 3.8, 3.12, 4.5 and Corollary 3.14]) Let D be a
division ring. Then the following assertions are valid.
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D.A. Drake / Journal of Combinatorial Theory, Series A 114 (2007) 1148–1156 1149(i) Π(D) holds a 5-net with oval if and only if D contains a root of x2 + x − 1.
(ii) Π(D) holds a 6-net with oval if and only if either 2 = charD = 3 or F4 is a proper subfield
of D.
(iii) Π(D) holds a 7-net with oval if and only if D contains either GF(2k) with k  3 or a root
of x3 − x2 − 2x + 1.
(iv) If charD = p = 0, Π(D) holds a 7-net with oval if and only if one of the following condi-
tions holds: p = 7; p ≡ ±1 (mod 7); D contains GF(p3); D contains GF(2k) with k  3.
In [7], the following theorem is established.
Theorem 1.2. (Drake and Myrvold [7, Corollaries 4.6 and 5.5]) Let D be a division ring. Then
(i) Π(D) holds a 4-net without an oval if and only if charD = 2 and |D| 7;
(ii) Π(D) holds a 5-net without an oval if and only if |D| 7.
This note is devoted to proving the following two results.
Theorem 1.3. Let D be a division ring with charD = 2. For n = 6 and also for n = 7, Π(D)
holds an n-net without an oval if and only if |D| 9.
Proposition 1.4. Let D be a division ring with charD = 2, |D| 8, and suppose that D has at
most one subfield of cardinality 4. Then Π(D) holds a 6-net without an oval.
Corollary 1.5. Let D be a division ring with charD = 2, |D|  8 so that the center Z of D
contains a subfield F4 of cardinality 4. Then Π(D) holds a 6-net without an oval.
Proof. In view of Proposition 1.4, it suffices to prove that F4 is the only subfield of D of cardi-
nality 4. Suppose that F = {0,1, a, a+1} is a subfield of D of cardinality 4. Let Z(a) denote the
subdivision ring of D generated by Z ∪ {a}. Then Z(a) is a subfield of D which contains both
F and F4, so F = F4. 
Corollary 1.6. If F is a field, Π(F) holds a 6-net without an oval if and only if |F | 8.
Proof. If charF = 2, apply Theorem 1.3; otherwise, apply Proposition 1.4. 
In Section 5, we obtain sufficient conditions on D to assure that any two ovals held by 7-nets
of Π(D) are affinely equivalent (Proposition 5.2 and Corollary 5.4), and we prove the following
result.
Proposition 1.7. If F = Fq , q = 2e, and 3  e, then Π(F) holds a 7-net without an oval if and
only if |F | 16.
2. Proof of Proposition 1.4
For a division ring D, we represent points of Π(D) as column vectors ( x y )T or as
pairs (x, y). A line of finite slope m is the set of all such pairs which satisfy an equation of
the form y = mx + k with m written on the left. An expression a/b is to be interpreted as ab−1.
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m ∈ D ∪ {∞}, we write (m) for the class of all lines of Π(D) of slope m.
We represent the points and lines of the projective plane extension Π∗ = Π∗(D) of Π(D)
by right and left homogeneous triples, respectively. The point ( x y )T of Π(D) is identified
with the point ( xh yh h )T of Π∗, the parallel classes (m) and (∞) of Π with the points
(h mh 0 )T =: (m) and (0 h 0 )T =: (∞) of Π∗.
GL(n,D) denotes the group which consists of the automorphisms of a right vector space V
of dimension n over D which are left multiplications by non-singular n × n matrices over D.
L(n,D) denotes the full automorphism group of V : its members are the products μφ where
φ ∈ GL(n,D) and μ =: μα is the coordinatewise application of an automorphism α of D.
One writes PGL(n,D) and PL(n,D) for the collineation groups induced by GL(n,D) and
L(n,D), respectively, on the projective geometry PG(n − 1,D).
We say that point sets S and T of an affine plane Π are affinely equivalent if there is a
collineation φ of Π with Sφ = T . If Π = Π(D) is Desarguesian and φ ∈ PGL(3,D), we say
that S and T are linearly affinely equivalent. Replacing Π and Π(D) by projective planes Π∗ and
Π∗(D), one obtains the concepts of projective equivalence and linear projective equivalence.
The following result is proved in [6, Proposition 3.4, Theorems 3.8, 4.5].
Theorem 2.1. (Drake and Keating) For any given division ring D and any r with 3 r  6, any
two ovals held by r-nets of Π(D) are affinely equivalent.
Definition 2.2. Let D be a division ring with charD = 2. Then an oval O of a 7-net held
by Π(D) is said to be in standard position if O = {(b2 − b, b), (1, b), (1,1), (0,1), (0,0),
(1 − b,0), (1 − b,1 + b − b2)} =: Ob for some element b of D which is a root of the poly-
nomial p(x) := x3 − x2 − 2x + 1.
Theorem 2.3. [5, Fact 2.1, Proposition 2.2] Let D be a division ring with charD = 2 so that
Π(D) holds a 7-net with an oval O . Then O is linearly affinely equivalent to some oval Ob in
standard position.
Suppose that O is an oval of an r-net Σ held by Π(D). The number of slopes of secants to O
is at most r . Since each point of O is joined to the other points of O by secants of r − 1 slopes,
the number of slopes is at least r − 1. The number is r − 1 if and only if O is a hyperoval of
an (r − 1)-net held by Σ . There are no tangents to a hyperoval H in an s-net since lines of all
s slopes are needed to join a given point to the remaining s points of H . Thus, the secants of a
given parallel class partition the points of H into 2-sets, so s + 1 must be even. Hence, if r is
odd, an oval of the r-net Σ cannot be a hyperoval of an (r − 1)-net held by Σ . It follows easily
from Theorem 2.1 that an oval of a 4-net held by Π(D) is a hyperoval of a 3-net if and only if
charD = 2: consider the oval {( i j )T | i, j = 0,1}. By [6, Theorem 4.5], an oval of a 6-net
of Π(D) is a hyperoval of a held 5-net if and only if charD = 2. We summarize the preceding
comments in the following lemma.
Lemma 2.4. Let D be a division ring, O be an oval of an r-net Σ held by Π(D). If r is odd,
O is not a hyperoval of any (r − 1)-net held by Π(D). If r = 4 or 6, O is a hyperoval of an
(r − 1)-net held by Π(D) if and only if charD = 2.
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k-homogeneous on a finite set S with 5 k  |S|/2, then G is k-transitive on S.
Proposition 2.6. Let D = Fq be a finite field with charD = 2. If q  11, Π(D) holds a 6-net
without an oval. If q  17, Π(D) holds a 7-net without an oval.
Proof. By Theorem 2.1, all ovals held by 6-nets are affinely equivalent. By Lemma 2.4, no
such oval lies in an 5-net. The conclusion follows if PL(2, q) is not 6-homogeneous. Thus,
by Theorem 2.5, it suffices to observe that PL(2, q) is not 6-transitive. Since |PL(2, q)| =
q(q2 − 1) · |Aut(Fq)|, PL(2, q) is not even 4-transitive unless |Aut(Fq)|  q − 2, hence not
unless q  4.
Since D is finite, p(x) has only three roots in D. Thus, by Theorem 2.3, all ovals held
by 7-nets lie in at most three PGL(2, q)-orbits. It suffices to observe that q  17 implies that
3 · |PGL(2, q)| < ( q+17
)
. 
It is also possible to handle the case of 6-nets for finite fields of characteristic 2 with a simple
cardinality argument; however, we proceed to the proof of Proposition 1.4 instead, since it is not
much more difficult to obtain this more general result. The infinite-set analogue of the Living-
stone and Wagner Theorem is false, and simple cardinality arguments are unavailable for planes
of infinite order; so it requires more work to prove Theorem 1.3 in full generality. The proof of
Theorem 1.3 will be given in Section 4 below.
If S ⊆ D∪{∞}, D a division ring, we write S′ to denote S∪{∞}, S# to denote {(m) | m ∈ S′}.
Proof of Proposition 1.4. By Theorem 1.1(ii), we may assume that D has a (unique) sub-
field F4 = F2(b) of cardinality 4. Then the 5-net determined by F #4 contains a hyperoval. Let
Σ denote the 6-net of lines with slopes in {0,1,∞, b, c, d} =: S where c, d ∈ D \ F4. As-
sume, by way of contradiction, that Σ contains an oval. By Theorem 2.1, there is a semi-linear
collineation θ = μαφM in PL(2,D) with (F #4 )θ ⊆ S#: here, μα acts by coordinatewise appli-
cation of α ∈ Aut(D) and φM is induced by multiplication by a matrix M . Since F4 is the unique
subfield of D of size 4, α induces an automorphism of F4, so (F #4 )μα = F #4 . Thus, (F #4 )φM ⊆ S#,
and φM maps at least three points of F #4 into points of F
#
4 .
Then there are matrices P , Q with entries from F4 so that φPφMφQ fixes (0), (1), (∞). Thus,
QMP = ( e 00 e
)
for some e in D, and φPφMφQ = μγ for some inner automorphism γ of D. Thus,
F #4 is fixed by φPφMφQ, so is fixed by φM . Then F
#
4 = (F #4 )μαφM ⊆ S#, a contradiction which
proves that Σ has no oval. 
3. The action of PL(2,D) on the points of PG(1,D)
An oval O of an r-net of Π(D) determines either the r-net or a contained (r − 1)-net. Thus,
for s = r or r−1 as appropriate, the action of Aut(Π(D)) on the ovals of r-nets of Π(D) induces
an action on s-sets of parallel classes and, hence, on s-sets of points of PG(1,D), the “infinite”
line of Π(D). Accordingly, we turn our attention to these actions.
Lemma 3.1. Let D be a division ring, F be a subfield of D of finite degree over the prime
subfield K of D, S be a generating subset of F . Suppose also that φ in PL(3,D) satisfies
(m)φ ∈ F # for each m in S ∪ {0,1,∞}. Then φ acts on F # as an element of PL(2,F ).
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tension of ψ ′ to an element of PGL(3,D). The map φ is a product μν where ν ∈ PGL(3,D)
and μ is defined by (( x y z )T )μ = ( xα yα zα )T for some fixed α ∈ Aut(D). Since νψ
in PGL(3,D) fixes (∞), νψ acts on the points of D# by the rule (x) → (axc + d) for some
a, c, d ∈ D. Since νψ fixes (0) and (1), νψ acts on the points of D# by the rule (x) → (axa−1).
Thus φψ acts by the rule (x) → (axαa−1) =: (xβ) where β ∈ Aut(D). Since mβ ∈ F ′ for
each m ∈ S, the restriction of β to F is an isomorphism γ of F into F . Since [F : K] < ∞,
γ is surjective. Thus, γ is an automorphism of F , and so the restriction of φψ to F # is an el-
ement θ of PL(2,F ). Thus, φ acts on F # as the composition of the restrictions of φψ and
(ψ ′)−1 to F #; hence, φ acts on F # as an element of PL(2,F ). 
Corollary 3.2. Let K be the prime subfield of a division ring D. Suppose that φ in PL(3,D)
satisfies (m)φ ∈ K# for three elements m of K ′. Then φ acts on K# as an element of PGL(2,K).
Proof. Since PGL(2,K) has a natural extension to a subgroup of PL(2,D) acting on D# and
since PGL(2,K) is 3-transitive on K#, it suffices to treat the case that (m)φ ∈ K# for m = 0, 1
and ∞. Application of Lemma 3.1 with F = K and S = {1} yields the conclusion that φ acts on
K# as an element of PL(2,K), hence as an element of PGL(2,K). 
Corollary 3.3. Let D be a division ring with prime subfield K = D, r  4 be an integer. If
K = Fp is finite, assume also that r  p + 1. Then PL(2,D) is not r-homogeneous on the
points of PG(1,D).
Proof. Let ∞ ∈ S ⊆ K ∪ {∞}, |S| = r , T = (S ∪ {m′}) \ {m} where m ∈ S ∩K and m′ ∈ D \K .
If φ ∈ PL(2,D) satisfies (S#)φ = T #, then φ maps r − 1 3 points of K# into points of K#.
Corollary 3.1 yields the contradiction that T # ⊆ F #. 
Corollary 3.4. Let D be a division ring, F be a subfield of D, r  4 be an integer. Let S be a
generating subset of F , Sr be an r-subset of F # so that {(m) | m ∈ {0,1,∞} ∪ S} ⊆ Sr . Let G
be the stabilizer of Sr in PGL(2,F ). If |F | = q < ∞, assume also that r  q − 3 and that r !
|AutF | < |G| ·∏r−2i=2 (q − i). Then PL(2,D) is not r-homogeneous on the points of PG(1,D).
Proof. Let S3 denote {(0), (1), (∞)}. Let S denote the set of all r-subsets of F # which hold S3;
T denote the intersection of S with the orbit of Sr under PL(2,D). It suffices to prove that
|S| > |T|. By Lemma 3.1, T is the intersection of S with the orbit of Sr under PL(2,F ).
Clearly |S| = ∞ if charD = 0, and |S| = ( q−2
r−3
)
if |F | = q < ∞. Since PGL(2,F ) is sharply
3-transitive on F #, |T|  r(r − 1)(r − 2)|AutF |/|G|. If charD = 0, clearly |S| > |T|. When
F = Fq , |S| > |T| if r ! |AutF | < (q − 2)(q − 3) · · · (q − r + 2) · |G|. 
Proposition 3.5. Let D be a division ring, K be the prime subfield of D, r  4 be an integer.
If K = Fp is finite, assume also that r  p − 3. Then PL(2,D) is not r-homogeneous on the
points of PG(1,D).
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Corollary 3.4 with S = {1}. The conclusion holds for K = Q, so assume that K = Fp , 0 < p.
Then PL(2,D) is not r-homogeneous if
r! < |G| ·
r−2∏
i=2
(p − i). (3.1)
Let δ be the element of PL(2,K) induced by left multiplication by the matrix
( 0 1
1 0
)
. Then
o(δ) = 2, and δ fixes (−1) and (1) and interchanges (0) and (∞). Thus, it is possible, for each r ,
to choose Sr so that δ ∈ G. Therefore, |G| > 2; and inequality (3.1) holds for all p  r + 4 with
r  5 if r! < 2 ·∏r−2i=2 (r + 4 − i); i.e., if 5! < 2(r + 2)(r + 1); i.e., if r  7. If r = 5 or 6 and
p  r + 4, then p  11; so inequality (3.1) still holds.
Suppose next that p = r + 3. Let S4 denote {(0), (1), (−1), (∞)}. Let χ be the element of
PL(2,K) induced by left multiplication by the matrix
( 1 1
−1 1
)
. Then o(χ) = 4 and χ acts on
S4 as the 4-cycle ((1), (0), (−1), (∞)). Then |F #| = r + 4, and r  4 is even. It is possible to
choose Sr as a union of χ -cycles, one of which is S4; hence so that |G| 4. Then inequality (3.1)
holds if 4! < 4(r + 1); i.e., if r  6. If r = 5, then p = r + 3 is not prime; so we have proved that
inequality (3.1) holds for all r  5 with p  r + 3.
All that remains is the case r = 4. In this case, both δ and χ stabilize S4; so |G|  8. Then
inequality (3.1) holds for all p  r + 3 since 4! < 8 · 5. 
4. Proof of Theorem 1.3
Theorem 4.1. (Gordon and Motzkin [10, (16.4)]) Let a1, . . . , an be elements of a division ring D.
Then each root of the polynomial f (x) = (x − a1) · · · (x − an) is conjugate to some ai .
Lemma 4.2. (Drake and Keating [6, Lemma 3.13]) The polynomial p(x) = x3 − x2 − 2x + 1
has a root in GF(p) if and only if p = 7 or p ≡ ±1 (mod 7).
Proof of Theorem 1.3. Let D be a division ring, Π := Π(D). By Theorem 1.1(ii) and (iv),
Π holds a 6-net with an oval if |D| = 5 or 7; and Π holds a 7-net with an oval if |D| = 7. Since
PGL(3,D) is 3-transitive on parallel classes, all r-nets of Π are isomorphic if |D| r + 2. Thus
Π holds no 6-net without an oval and no 7-net without an oval if |D| 7.
(The case r = 6.) Suppose that |D|  9, charD = 2 and that Π holds a 6-net with oval.
By Theorem 1.1(ii), charD = 3. In view of Theorem 2.1 and Lemma 2.4, it suffices to prove
that PL(2,D) has at least two orbits on the 6-subsets of PG(1,D). Corollary 3.3 asserts the
existence of at least two orbits for p = 5 and p = 7. Proposition 3.5 asserts the existence of at
least two orbits for p  11 and for p = 0.
(The case r = 7.) Suppose that |D|  9, charD = 2 and that Π holds a 7-net Σ ′′ with
oval O ′′. By Theorem 2.3, there is a collineation φ′′ of Π such that (O ′′)φ′′ is an oval Ob in
standard position. Let K denote the prime subfield of D, F denote K(b).
Assume first that |K| = p < ∞. Then |F | =: q = pt for t = 1 or 3. The number of 7-nets held
by Π with all slopes in F ′ is the binomial coefficient
(
pt+1
7
)=: M(t,p). Let N(t,p) denote the
number of 7-nets with all slopes in F ′ which possess ovals. To see that Π has a 7-net without
an oval, it suffices to prove that N(t,p) < M(t,p). Let Σ be any 7-net of Π with all slopes in
F ′ which has an oval O . By Theorem 2.3, there is a collineation φ of Π for which (O)φ is an
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to one of the three roots of p(x) in F , say to d . If ψ is the collineation of Π induced by this
conjugation, φψ maps points of F # to (0), (1), (d) and (∞).
By Lemma 2.4, the set of seven slopes of Σ is the image under an element of PL(2,F ) =: G
of the set of slopes of secants of Od ; i.e., of the set {0,1,∞, d, d − 1, d−1, (d − 1)−1}. Thus,
N(t,p)  3|G|, so it suffices to prove that 3|G| < M(t,p). Since charD = 2, Aut(F ) = A3 if
t = 3. Thus, |G| = t (p2t − 1)(p2t − pt)/(pt − 1) = t (p3t − pt). For t = 3, 3|G| < M(3,p) for
all p  3. For t = 1, 3|G| < M(1,p) for p  29. By Lemma 4.2, if t = 1 and 7 < p < 29, then
p = 13.
Suppose next that t = 1, p = 13. Let β ∈ PGL(2,F ) be defined by xβ = 1/(d − x). Then
β induces the following 7-cycle on the seven slopes of secants of Od : (d,∞,0, d−1, d − 1,1,
(d − 1)−1). Thus, N(1,13) 3|G|/7 = 3 · 14 · 13 · 12/7, which is less than M(1,13) = ( 147
)
.
Lastly, we treat the case charD = 0. Here, the prime subfield is Q, the field of rationals. Let Σ
be any 7-net with all slopes in Q′. Assume, by way of contradiction, that Σ has an oval O . By
Theorem 2.3, there is a collineation φ of Π(D) with (O)φ = Ob , an oval in standard position.
By Corollary 3.2, φ acts on Q# as an element of PGL(2,Q). Since b is a slope of Ob , b ∈ Q; but
p(x) has no root in Q. From this contradiction, we conclude that Σ has no oval. 
5. Orbits of ovals of 7-nets
In Section 5, we investigate the equivalence of ovals held by 7-nets of a given plane Π(D),
and we prove (Corollary 5.4) that Π(F16) and Π(F32) both hold 7-nets without ovals.
Theorem 5.1. (Dickson [10, (16.8)]) Let a and b be elements in a division ring D, both algebraic
over Z(D). Then a and b are conjugate in D if and only if a and b have the same minimal
polynomial over Z(D).
Proposition 5.2. Suppose that D is a division ring with charD = 2. Then the ovals of 7-nets
of Π := Π(D) lie in at most three orbits of Aut(Π). If charD = 7, the ovals of 7-nets of Π
are all linearly affinely equivalent. The ovals of 7-nets of Π are all affinely equivalent if either
of the following conditions holds: p(x) is irreducible over Z(D) or D is finite of characteristic
p ≡ 1,−1 (mod 7).
Proof. Suppose that Π holds a 7-net with oval O . By Theorem 2.3, O is linearly affinely
equivalent to an oval Ob in standard position. Let K denote the prime subfield of D, F the
subfield K(b).
If K = F7, p(x) = (x + 2)3. In this case, Theorem 4.1 implies that b is conjugate to −2.
Since −2 is in Z(D), b = −2. Thus, all ovals of 7-nets of Π are linearly affinely equivalent
to O−2.
Suppose that K = F7. Then p(x) has roots bt := −ζ t −ζ−t , t = 1,2,3, where ζ is a primitive
seventh root of unity in an algebraic extension of K . Either all bt are in K or p(x) is separable and
irreducible (see, for example, [9]). Thus, p(x) splits in the subfield F as (x−b1)(x−b2)(x−b3).
By Theorem 4.1, b is conjugate to one of the three bt , so O is affinely equivalent to one of the
three Obt .
If p(x) is irreducible over Z(D), Theorem 5.1 implies that the three bi ’s are conjugates, so O
is affinely equivalent to Ob1 . Next, assume that D is finite and that charD ≡ 0, 1, −1 (mod 7). By
Lemma 4.2, the roots bt are not in K . The Galois group G of F/K is transitive on the bi ’s. Since
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affinely equivalent. 
The following is a special case of a theorem proved in [3].
Theorem 5.3. (Cherowitzo and Holder) Let q = 2e. A 7-arc A contained in a conic C of Π∗(Fq)
which is sharply focused on a tangent to C is linearly projectively equivalent to a point set
SG = {( b b2 1 )T | b ∈ G \ {0}} where G (Fq,+). The set SG is an oval in the net obtained
from Π(D) by taking the set FG of parallel classes (m) with m ∈ G \ {0}; SG ∪ {(0 0 1 )T }
is a hyperoval in the same net. If 3 does not divide e, every 7-arc of Π∗(Fq) which is sharply
focused on a line L lies in a conic to which L is tangent.
Proof of Proposition 1.7. Let F = Fq , q = 2e, e  4, 3  e, Π = Π(D). By Theorem 5.3,
each sharply focused 7-arc in Π∗(D) can be mapped by a projective linear collineation into
a point set SG. Thus, any 7-net of Π which holds an oval can be mapped by an affine linear
collineation into a 7-net of Π whose slopes are the elements of G \ {0}. The number of such
groups G is (q − 1)(q − 2)(q − 4)/(7 · 6 · 4). The number of elements of PGL(2,Fq) which
map such a group into itself is 7 · 6 · 4. Thus, the number of 7-nets which can be mapped by an
element of PGL(2,Fq) into a net with slopes in a given G\ {0} is at most |PGL(2,Fq)|/(7 ·6 ·4)
= (q2 − 1)q/(7 · 6 · 4). Then the number of 7-nets with ovals is at most
(q + 1)q(q − 1)2(q − 2)(q − 4)/(7 · 6 · 4)2 <
(
q + 1
7
)
.  (5.1)
Corollary 5.4. Let Π∗ denote Π∗(Fq), Π denote Π(Fq), q = 16 or 32. Then the sharply focused
7-arcs in Π∗ are projectively equivalent, and the ovals of 7-nets held by Π are affinely equivalent
(linearly so if q = 16).
Proof. By Theorem 5.3, each sharply focused 7-arc can be mapped by a linear collineation into a
point set SG. Thus, it suffices to prove that PGL(2, q) is transitive on the sets {(m) | m ∈ G\ {0}},
G  (Fq,+), |G| = 8. We represent F16 as F2[x]/(x4 + x + 1). Let G denote the subgroup
{ax2 + bx + c | a, b, c ∈ F2} = {0,1, x, x2, x4, x5, x8, x10}. We claim that the map φ : z → zx
from PGL(2,16) permutes the 15 subgroups of cardinality 7 in a single cycle: to see that the
15 groups (G)φi are distinct, observe that x0, x1, x2 are the only three consecutive powers of x
in G.
Next, we represent F32 as F2[x]/(x5 + x2 + 1) and take G to be the subgroup {ax2 + bx + c |
a, b, c ∈ F2} = {0, x0, x1, x2, x5, x11, x18, x19}. The map φ : z → zx of PGL(2,32) maps G into
31 distinct subgroups of cardinality 7. In each of these, the differences of distinct exponents
modulo 31 include each of ±1, ±13 and ±14 three times and include all remaining integers
modulo 31 once each. Consider the map ψ : z → z2 of PL(2,32). We claim that the 165 sub-
groups (G)φiψj , 0  i  30, 0 j  4 are distinct. Suppose that (G)φiψj = (G)φsψt . Then
{±1,±13,±14}2j = {±1,±13,±14}2t , so t ≡ j (mod 5). Thus, ψj = ψt ; so (G)φi = (G)φs ,
and s ≡ i (mod 31). 
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1156 D.A. Drake / Journal of Combinatorial Theory, Series A 114 (2007) 1148–1156In [8, Theorem 3.8], they prove the existence of a hyperoval in a net of Π := PG(2,2r ) which is
contained in no hyperoval of Π and in no proper subplane of Π whenever r = 4 is composite.
The existence of such non-standard hyperovals is evidence that it may be difficult to prove the
existence of nets without hyperovals, let alone ones without ovals.
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